Abstract. We investigate the solvability of the Diophantine equation x 2 − my 2 = ±p in integers for certain integer m and prime p. Then we apply these results to produce family of maximal real subfield of a cyclotomic field whose class number is strictly bigger than 1.
Introduction
Let f (x, y) = a n x n + a n−1 x n−1 y + ......... + a 1 xy n−1 + a 0 y n be a homogeneous polynomial (n ≥ 3). In 1909, Thue proved that for a non-zero integer r, the Diophantine equation f (x, y) = r either has no solution or at most finitely many integer solutions. In contrast to this situation, we consider a degree 2 homogeneous polynomial
where m is a positive square-free integer. This equation has attracted the attention of many researchers. In particular (1.1) for r = 1,
2) is the well known Pell equation and it has rich literature. Lagrange (see, [[2] , p. 358]) used the simple continued fraction expansion of √ m to show that (1.2) is solvable in integers x and y with y = 0. On the other hand, it is well-known that the negative Pell equation
has integer solutions if and only if l ( √ m) ≡ 1 (mod 2), where l ( √ m) is the length of the period of the continued fraction of √ m. In 1768, Lagrange (see, [[9] , Oeuvres II, pp. 377-535]) developed a recursive method for solving (1.1) with gcd(x, y) = 1, thereby reducing the problem to the case where |r| < √ m, in which the solutions (x, y) in positive integers might be found among (x n , y n ), with xn yn a convergent of the simple continued fraction for √ m. Later, he (see, [[9] , Oeuvres II, pp. 655-726]) developed another algorithm that considered as a generalization of the method of solving (1.2) and (1.3) using the simple continued fraction. This algorithm was further simplified by Matthews [6] which is again based on simple continued fractions. Kaplan and Williams [4] gave necessary and sufficient conditions for the solvability of (1.3) based on the solvability of (1.1) when r = −4 in positive coprime integers. Sawilla et al. [8] developed a method faster than that of Lagrange to deal with a general binary quadratic Diophantine equation.
One of our goal is to discuss the solvability of (1.1) for certain values of m and r. More precisely, we show for r = ±p that (1.1) has no integer solutions if
where p is a prime and n is a positive integer. We also show that for m = ((2n + 1)p) 2 − 2 with p a prime and n a positive integer, x 2 − my 2 = p has no integer solution. Further for m = ((2n + 1)p) 2 − 2 with p an odd prime and n a positive integer, x 2 − my 2 = −p has only two solutions (2, 1) and (5, 2). These two solutions occur only when p = 3.
We now turn to a brief introduction of the non-triviality of class groups of the maximal real subfields of certain cyclotomic fields. Let m be a positive integer and ζ m be a primitive m-th root of unity. Then the field K m = Q(ζ m + ζ −1 m ) is the maximal real subfield of the cyclotomic field Q(ζ m ). We denote by H(m) the class-number of the field K m and by h(m) the class-number of the quadratic field k m = Q( √ m). Ankeny et al. [1] showed that H(p) > 1 when p = (2nq) 2 +1 is a prime, q is also a prime and n > 1 is an integer. Lang [5] also showed H(p) > 1 for any prime of the form p = {(2n + 1)q} 2 + 4, where q is a prime and n ≥ 1 is an integer. In 1987, Osada [7] generalized both the results. More precisely, he proved that H(m) > 1 if m = (2nq) 2 + 1 is a square-free integer, where q is a prime and n is a positive integer such that n = 1, q.
In the same paper he also proved that if m = {(2n + 1)q} 2 + 4 is a square-free integer, where q is a prime and n is a positive integer such that n = q, then H(m) > 1. All these results have been obtained when m ≡ 1 (mod 4). On the other hand, Takeuchi [10] established similar results for certain primes of the form p ≡ 3 (mod 4). He proved that if both 12m + 7 and p = {3(8m + 5)} 2 − 2 are primes, where m ≥ 0 is an integer, then H(4p) > 1. He also proved that if both 12m + 11 and p = {3(8m + 7)} 2 − 2 are primes, where m ≥ 0 is an integer, then H(4p) > 1. Along the same line, Hoque and Saikia [3] proved that if m = {3(8g + 5)} 2 − 2 is a square-free integer, where g is a positive integer, then H(4m) > 1. They also showed that for any square-free integer m = {3(8g + 7)} 2 − 2, where g is a positive integer, then H(4m) > 1.
Our final goal here is to derive the non-triviality of class groups of the maximal real subfields of certain cyclotomic fields as an application of the results established in §2 regarding the non-solvability of the Pelltype equations. More precisely, we prove H(4m) > 1 for the following classes
where n is a positive integer and p is a prime. To prove these results, we first show that h(m) > 1 by using the precise results on Pell-type equations derived in §2, and then we use a result of Yamaguchi [11] which says that h(m) is a divisor of H(4m).
In the concluding section, we provide some examples illustrating results. We have used SAGE 6.2 for these computations.
Pell-type equations
We consider the Pell-type equation
For convenience we treat (2.1) separately in
3) Throughout p will be a prime, m will be a positive square-free integer and n ≥ 1 will be an integer unless otherwise specified. Proof. Let us suppose that (2.2) has integer solution(s) and without loss of generality we assume that (x 0 , y 0 ) is the least possible of such solutions with y 0 ≥ 1. Thus
In the norm form (2.4) is
We now multiply (2.5) with the norm of the fundamental unit . This again leads to a contradiction as n ≥ 1. Therefore (2.2) has no integer solutions.
We now suppose that (2.3) has solutions in integers and again we can assume that x 0 is an integer and y 0 ≥ 1 is the least positive integer such that x 2 0 − my
As before multiplying (2.7) with the norm of the fundamental unit . This leads to a contradiction as n ≥ 1 and therefore (2.3) has no integer solutions.
Theorem 2.2. The equation
has no integer solutions for m = (2np) 2 + 3 when n is a multiple of 3.
Proof. Let d = 2np and so m = d 2 + 3. Suppose that (2.2) has an integer solution and without loss of generality we assume that (x 0 , y 0 ) is the least positive integer solution of (2.2). Then we get (2.4) which can be re-written as (using (2.4)).
Thus using (2.8) we obtain uv − 1 − 2y 0 uv + 6y 
Since 3|n, so Q( √ m) is Richaud-Degert type, and thus the fundamental unit in this field is
We now multiply (2.5) with the norm of ǫ, and get
By the minimality of y 0 , we have
Let us assume that (2.3) has an integer solution(s) and (x 0 , y 0 ) is the least positive integer solution of (2.3). Then y 0 = 0 such that (2.6) holds.
Suppose that p > 3y 
If 9y 0 ≤ {2dx 0 − (2d 2 + 3)y 0 }, then (d 2 + 6)y 0 ≤ dx 0 and thus using (2.6), we have
This is meaningless. Finally, if 9y 0 ≤ {(2d 2 + 3)y 0 − 2dx 0 }, then dx 0 ≤ (d 2 − 3)y 0 and therefore using (2.6), we obtain This contradicts our assumption. Now let p ≤ y 0 . As before we multiply (2.5) with the norm of the fundamental unit
Since y 0 is the least value that satisfies (2.2), we have
, then my 0 ≤ dx 0 and thus using (2.4), we obtain
as m = d 2 + 2. This is not possible and hence in this case (2.2) has no integer solutions.
Case-(ii): Now p > 2y 
This is a contradiction as y 0 > 0. Let now p < 2y 2 0 . Then we multiply (2.5) with the norm of the fundamental unit
By the minimality of y 0 , we have This is not possible. Therefore we must have p < 2y 2 0 . We now multiply (2.7) with the norm of the fundamental unit
, then my 0 ≤ dx 0 and thus using (2.6), we get Further for p = y 0 = 3, (2.6) gives 3d + x 0 = 7 and 3d − x 0 = 3 or 3d + x 0 = 21 and 3d − x 0 = 1. None of these cases are possible though.
We now consider the case p > 3 with p ≤ y 0 . Again multiplying (2.7) with the norm of the fundamental unit
, we see that
Since y 0 is the least value that satisfies (2.3), we obtain 3. Class number of the maximal real subfield of certain cyclotomic fields
In this section we shall prove some results concerning the non-triviality of class groups of the maximal real subfields of certain cyclotomic fields by using the results established in §2. Throughout this section m is a square-free integer. The following result of Yamaguchi [11] is one of the main ingredient in the proof of the rest of the results. Proof. We see that m = (2np) 2 − 1 ≡ 3 (mod 4). Therefore (since p ≡ 1 (mod 4)) m p = −1 p = 1.
Thus p splits completely in the field k m as a product of a prime ideal P ⊆ O km of degree one and its conjugate P ′ with N(P) = p.
Our target is to show that h(m) > 1 and then applying Lemma 3.1 we have the proof. Thus if possible let h(m) = 1. Then P is principal in O km and hence P can be written as P = (a+b √ m) for some a, b ∈ Z. Now p = N(P) = N(a + b √ m) which implies
This shows that (a, b) is an integer solution of (2.1) which contradicts Theorem 2.1. Therefore h(m) > 1. Now φ(m) > 4 and hence by Lemma 3.1, we complete the proof.
Along the same lines using Theorem 2.2 and Lemma 3.1 we have: Remark 1. The condition 'square-free' on m is not necessary to have non-trivial class number. For example, in Table 3 , there is one m (see, * mark) with square part for which H(4m) > 1.
Numerical examples
In this section we give some numerical examples corroborating our results in §3. It is sufficient to compute the class numbers of each of the families of underlying real quadratic fields, i.e. h(m)'s. We compute these class numbers for small values of m and list them in the Tables below.
